
3.3 Cramer's Rule, Volume, and Linear Transformations  

Cramer's Rule

For any  matrix  and any  in , let  be the matrix obtained from  by replacing column  by 
the vector 

 

Theorem 7 Cramer's Rule
Let  be an invertible  matrix. For any  in , the unique solution  of  has entries given by

Example 1.  Use Cramer's rule to compute the solution of the system.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The system is equivalent to Añ=b
,
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A Formula for 

For an invertible  matrix , the -th column of  is a vector  that satisfies

the -th entry of  is the -entry of  By Cramer's rule,

Recall  denotes the submatrix of  formed by deleting row  and column , thus

where  is a cofactor of .
Thus

The matrix of cofactors on the right side of (3) is called the adjugate (or classical adjoint) of , denoted by 
.

Theorem 8 An Inverse Formula
Let  be an invertible  matrix. Then

Example 2. Compute the adjugate of the given matrix, and then use Theorem 8 to give the inverse of the 
matrix. 

     

 

 

 

 

 

 

 

Recall the
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"idet Aij

Remark: The ii.j ) - entry of
A-

'
is I

detA Cji

-

A =

ANS : det A = 6
.

We compute the cofactors :

c. , = C- 1)
"dietA. , = °

, I / = - I
c.a = 1- 1)

'"
det An =

:p / { ! / = 1

Cis = C- 1)
"→

det His = Id 91=1



G. = - 5,4, / = - I

can = / { 4 / = - 5

Cos = - f ? ? / = 7
↳ 1

= 1%4,1--5
↳a = - f ? 4,1=1
↳3 = 1 ? so / = -5

5-
1C , , Cal 631

-5 1adj A = µz Can =

"

7
-

s)Cm Ch 633

A"=¥A adj A = (¥
' to I
- Is ☒

÷ ±
-÷

Remark : This method is useful if the question asks
what is ii. j )- entry of A
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Determinants as Area or Volume

Theorem 9  If  is a  matrix, the area of the parallelogram determined by the columns of  is  If 
 is a  matrix, the volume of the parallelepiped determined by the columns of  is .

Remark. 

1. Let  and  be nonzero vectors. Then for any scalar , the area of the parallelogram determined by  
and  equals the area of the parallelogram determined by  and .

2. An example of the parallelepiped determined by the vectors ,  and , which is a cuboid. 

3. If one of the 3 column vectors is , we will have a flat parallelepiped. Note a flat parallelepiped has volume 
0.
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Example 3.  Find the area of the parallelogram whose vertices are listed.

 

 

 

 

 

 

 

 

 

 

Linear Transformations

Theorem 10. Let  be the linear transformation determined by a  matrix A. If  is a 
parallelogram in , then

If  is determined by a  matrix , and if  is a parallelepiped in , then

Example 4. Let  be the parallelogram determined by the vectors  and  and let  

. Compute the area of the image of  under the mapping 

 

 

 

 

 

 

 

Remark : We can also compute the area by base✗ height= 5×3=15 .

ANS : To use -1hm 9 , we can translate
*

one vertex to the origin .

For example , subtract 10 , -2)
>from each vertex to get a

new parallelogram with Vertices

ñ i ñti
10,07

, 1-5,07 , 1--3,37, 12,3 ) one . By -1hm 9 .

the area is
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Exercise 5.  Determine the value of the parameter  for which the system has a unique solution, and describe 
the solution.

ANS. The system is equivalent to , where  and  We compute 

.

Since  for , the system will have a unique solution for all values 
of . For such a system, the solution will be

 

Exercise 6.  Find a formula for the area of the triangle whose vertices are , and  in .

ANS. The area of the triangle will be one half of the area of the parallelogram determined by  and  By 
Theorem 9, the area of the triangle will be , where 

 

Exercise 7. Find the volume of the parallelepiped with one vertex at the origin and adjacent vertices at 
, and .

ANS. The parallelepiped is determined by the columns of , so the volume of the 

parallelepiped is .

 

Method
-

2
. We can compute Abi and Abi ,

then use -1hm 9
.
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